We present a general formalism for describing stimulated Raman adiabatic passage in a multilevel atom. The atom is assumed to have two ground state manifolds a and b and an excited state manifold e, and the adiabatic passage is carried out by resonantly driving the a − e and b − e transitions with time-dependent fields. Our formalism gives a complete description of the adiabatic passage process, and can be applied to systems with arbitrary numbers of degenerate states in each manifold and arbitrary couplings of the a − e and b − e transitions. We illustrate the formalism by applying it to both a simple toy model and to adiabatic passage in the Cesium atom.
where Ω is a time-independent Rabi frequency that characterizes the strength of the fields, θ is a time-dependent parameter that is varied to carry out the adiabatic passage, and A a and A b are lowering operators that connect states in manifold e to states in manifolds a and b. We sweep θ from 0 to π/2 to transfer states from manifold a to manifold b, and we sweep θ from π/2 to 0 to transfer states from manifold b to manifold a. Let us denote the Hilbert spaces for manifolds a, b, and e by H a , H b , and H e . We will show that H a and H b can be decomposed as follows:
Under adiabatic passage from a to b, states in H Given arbitrary operators A a and A b , our goal is to perform the Hilbert space decompositions described in equations (2) and (3) and to calculate the unitary transformation U .
The paper is organized as follows. In section II, we show how to preform the Hilbert space decompositions described in equations (2) and (3) . In section III, we calculate the unitary transformation U : H The formalism developed in sections II and III gives a complete description of the adiabatic transfer process, and in section IV we illustrate this formalism by applying it to a simple toy model. Finally, in section V we use the formalism to analyze adiabatic passage in the Cesium atom.
II. HILBERT SPACE DECOMPOSITIONS
We will first show how to perform the Hilbert space decompositions described in equations (2) and (3) for a given pair of atomic lowering operators A a and A b . Let H This equation must hold for all values of θ, so φ must be related to θ by tan φ = λ tan θ
for some value λ. Thus, states |ψ a and |ψ b are related by
Note that by using equation (12), we can also express |Λ as
Define H λ a to be the space of states |ψ a ∈ H ⊥ a such that A † a |ψ a ∈ H ⊥ e , and define H ′ a to be the complement of
Note that from the definitions of H 
where |ψ a is an arbitrary state in H 
where |ψ b and |ψ e are arbitrary states in H 
Define H 
Note that because the null spaces of R † a , R † b , and R b are all trivial, the null space of M is also trivial, and therefore dim
and define a normalized state |ψ b ∈ H λ b by
Using equations (19) and (22), we find that
Thus, states |ψ b and |ψ a satisfy equation (13) and therefore form a lambda pair. We claim that none of the states in H 
Because of the way we have defined H 
Since |ψ e ∈ H d e we have that A b |ψ e = 0, so
and therefore
Thus, for c a = 0 and sin θ = 0 we have that H|φ = 0, so |φ cannot be a lambda dark state. Since all the states in H 
III. UNITARY TRANSFORMATION
In the previous section we defined Hilbert spaces H 
Note that the basis states for H λ b will not necessarily be mutually orthogonal. The states |ψ aj and |ψ bj form a lambda pair, and define a lambda dark state that is given by
where
The states {|Λ 1 , · · · , |Λ n } form a basis for the lambda dark states, so we can express a general lambda dark state |Λ as
In the adiabatic limit, the time evolution of |Λ is given by Schrödinger's equation:
Thus, substituting for |Λ , we find that
where the dots indicate derivatives with respect to θ, and where we have defined
Taking the inner product of equation (34) with Λ k |, we obtain
Since {|Λ 1 , · · · , |Λ n } is a complete basis for the lambda dark states, the matrix Λ k |Λ j is invertible; we will denote its inverse by L ik :
If we multiply equation (36) by L ik and then sum over k, we obtain the following equations of motion for the expansion coefficients c i :
Note that we can express an arbitrary state |ψ a ∈ H λ a as
for some set of amplitudes c j (0). We can then integrate equation (38) subject to these initial conditions to obtain a state
This defines the unitary transformation U .
As an example, we will write down the equations of motion explicitly for the case dim H 
The inverse of Λ k |Λ j is
Substituting these matrices into equation (38), we find that the equations of motion for c 1 and c 2 are
and from equation (31) we have that
Given λ 1 , λ 2 , and z, these equations of motion can be integrated to obtain the unitary transformation U : H 
Next, suppose λ 1 = λ 2 , so there is a single angle φ = φ 1 = φ 2 that characterizes both lambda dark states. Also, for simplicity, assume that z is real. Then we can express the equations of motion as
where primes denote derivatives with respect to φ. We can decouple these equations by defining new variables η ± = c 1 ± c 2 :
These equations can be integrated to give
Thus, For adiabatic passage from a to b we sweep θ from 0 to π/2, and from equation (31) we see that φ also sweeps from 0 to π/2. Thus, after the adiabatic passage has been completed φ = π/2, and the unitary transformation U :
is given by
IV. EXAMPLE SYSTEM
We will now illustrate the formalism developed in sections II and III with a simple example. Consider an atom that has the following internal states:
Define atomic lowering operators A a and A b by
The transitions coupled by these operators are shown in Figure 1 . We will first apply the results of section II to find the decompositions of Hilbert spaces H a and H b . There is a single dark state |a 0 for the a → e transition, and there are no dark states for the b → e and e → b transitions, so
Since A † a |ψ a ∈ H ⊥ e for every state |ψ a ∈ H ⊥ a , we find that
The mapping M :
We can use this mapping to define states |B ± that form lambda pairs with states |a ± :
Note that |B + and |B − are not orthogonal:
From the results of section II, it follows that
are lambda dark states of H, where
Define a state |s in H b that is orthogonal to both |B + and |B − :
Since the image of M is span{|B ± }, we find that
Now that we have decomposed the Hilbert spaces H a and H b , let us apply the results of section III to calculate the unitary transformation U : H λ a → H λ b . We first note that a general lambda dark state of H is a superposition of |Λ + and |Λ − :
Since λ + = λ − , the equations of motion for c 1 and c 2 are given by equation (51). As was shown in section III A, these equations of motion can be integrated to give U :
where α and β are given by equations (58) and (59) with z = 1/2. The Hilbert space decompositions and unitary transformation U give a complete description of the behavior of the example system under adiabatic passage: for adiabatic passage from a to b, states |a ± coherently evolve into states U |a ± and state |a 0 remains unchanged; for adiabatic passage from b to a, states U |a ± coherently evolve into states |a ± , and state |s is driven to the excited state manifold and scatters incoherently.
It is interesting to note that if we start in state |a + and perform adiabatic passage from a to b, population is transferred to |b − despite the fact that b − |A b A † a |a + = 0. The population reaches state |b − by passing through state |a − ; at time t the population in |a − is given by
where c 2 (φ) is given by equation (54) with c 1 (0) = 1, c 2 (0) = 0, and where φ = tan
Level diagram for Cesium. The two hyperfine ground state manifolds 6S 1/2 , F = 3 and 6S 1/2 , F = 4 correspond to manifolds a and b in our theory, and one of the excited state hyperfine manifolds, either 6P 3/2 , F ′ = 3 or 6P 3/2 , F ′ = 4, corresponds to manifold e.
V. ADIABATIC PASSAGE IN CESIUM
In order to show how the formalism developed in sections II and III applies in a more physical context, we will use it to analyze adiabatic passage in the Cesium atom. A level diagram for Cesium is shown in Figure 2 ; the two hyperfine ground state manifolds 6S 1/2 , F = 3 and 6S 1/2 , F = 4 correspond to manifolds a and b, and one of the excited state hyperfine manifolds, either 6P 3/2 , F ′ = 3 or 6P 3/2 , F ′ = 4, corresponds to manifold e. For simplicity, we will denote the 6S 1/2 , F = 3 and 6S 1/2 , F = 4 ground state manifolds by g 3 and g 4 , and the 6P 3/2 , F ′ = 3 and 6P 3/2 , F ′ = 4 excited state manifolds by e 3 and e 4 . Adiabatic passage between manifolds g 3 and g 4 is performed by driving the atom with a pair of classical fields that connect these manifolds to the excited state manifold e F ′ . The field driving the g F ↔ e F ′ transition corresponds to an atomic lowering operator that is given by
whereǫ F is the polarization of the field. The operator A F is defined by
where F ′ , m ′ |1, q; F, m is the Clebsch-Gordan coefficient that connects ground state |F, m to excited state
is a orthonormal basis of polarization vectors, and β(F ′ , F ) is given by the following table:
In the following sections we apply the results of section II to perform the Hilbert space decompositions given in equations (2) and (3) for adiabatic passage via both the F ′ = 3 and F ′ = 4 excited state manifolds.
A. Adiabatic passage via the F ′ = 3 manifold
For the g 4 ↔ e 3 transition there are two dark states |d 4e , |d 4o in g 4 (these dark states are calculated in Appendix A 2), and there are no dark states in e 3 , so
For the g 3 ↔ e 3 transition there is a single dark state |d 3 in g 3 (this dark state is calculated in Appendix A 1), so 
Note that these dimensions are independent of the polarizations of the classical fields.
and the dark states are given by
We have defined states |B ±1 , |B ±2 , and |B ±3 that form lambda pairs with states |3, ±1 , |3, ±2 , and |3, ±3 ; they are given by
and the corresponding λ values are
As with adiabatic passage via F ′ = 3, we can use the dimensions of H Thus, for adiabatic passage via F ′ = 4 the dimensions of the Hilbert spaces depend on the polarizations of the classical fields.
We have defined states |B + , |B 0 , |B ±2 , and |B ±3 that form lambda pairs with states |+ , |3, 0 , |3, ±2 , and |3, ±3 ; they are given by 
of degenerate states. This formalism describes how the Hilbert spaces for manifolds a and b decompose into subspaces, each of which evolves in its own characteristic way under adiabatic passage. In particular, we identified subspaces H λ a and H λ b that coherently evolve into one another under adiabatic passage, and calculated the unitary transformation that describes this evolution. We have illustrated the formalism with a simple toy model, and used it to analyze adiabatic passage in the Cesium atom. The formalism gives a complete description of the adiabatic passage process, and should be useful for analyzing adiabatic passage in a wide variety of atomic systems.
